Wire-suspended platform is a parallel mechanical system consisting of a rigid platform and a number of lengthadjustable wires. In order to deal with the kinematics of this type of mechanical system, we have to take into account the conspicuous characteristic of a wire that it can take only a tensile force. It has been demonstrated in the previous studies that this leads to plural possible kinematic states corresponding to a given set of wire lengths. In this study, we formulate an inverse kinematics problem in an incremental form based on the linearization of the kinematic relation of the system. Displacement of the mass center position of the platform is also taken into account for the articulation variables, in addition to the wire member lengths. A solution procedure that deals with the many-worlds situation is developed under the assumption of some adequate sensing devices. Numerical experiments based on computer simulation are carried out and the feasibility of the proposed approach is demonstrated with the attained kinematic motions of the simulated platform system.
Introduction
Parallel robots (Merlet, 2006) or platforms (Stewart, 1965-66) have a number of different features compared with the conventional serial robotic mechanisms. One of such features is that they can have a number of non-rigid links of wire or cable. A platform supported by a number of wires or cables, which are actuated and length-adjustable, is a typical mechanical system of this type. Such mechanical systems are referred to as robocrane (Albus et al., 1992) , wire-actuated parallel manipulator (Agahi & Notash, 2009 ), wire-driven parallel mechanism (Yamaguchi et al., 2004) , cable robot (Ghasemi et al., 2009) (Borgstrom et al., 2009) , cable-driven robot (Bosscher et al., 2006) , cable-driven parallel robot (Tadokoro et al., 2003) (Carricato & Merlet 2013) (Carricato, 2013) , cable-suspended robot (Roberts et al., 1998) (Oh & Agrawal, 2005) , cable-suspended parallel robot (Pusey et al., 2004) , cable-driven parallel mechanism (Perreault & Gosselin, 2008) , tendon-based manipulator (Hiller et al., 2005) , and so on. In this study, we refer this type of mechanical system to as a wire-suspended platform (Hanahara, 2015) . A mechanical system of this type is well represented by a suspended platform of rigid body, a number of length-adjustable wires for the suspension, and the corresponding fixed connection points of the wires at the wall or at the ceiling. In order to control the six degrees of freedom (DOFs) in 3D space, or the three DOFs in 2D space, of the position and orientation of the platform, it is natural that the number of wires is six or three. However, such a mechanical system having less wires is possible (Carricato & Merlet, 2013) (Carricato, 2013) ; the equilibrium condition determines the position and orientation to be attained by the platform in this case. In contrast to the platform system consisting only of rigid links, a platform having a redundant number of wires (Oh & Agrawal, 2005 ) is also possible without difficulty.
There are several issues that have to be taken into consideration in the case of dealing with the kinematics of mechanical system of this type: the conspicuous characteristic of a wire that they cannot support any compressive force, the static equilibrium condition under gravity and the influence of displacement of mass center of the platform. The previous study (Hanahara, 2015) deals with these issues and shows a general formulation and the solution of the incremental forward kinematics problem of wire-suspended platform based on the interval arithmetic (Moore et al., 2009 ) as well as the many-worlds interpretation (Vaidman, 2008) . It has been demonstrated that even in this linearized incremental case, the possible configuration of the platform is not unique in general; we have to deal with the plural possibilities simultaneously.
We deal with the inverse kinematics of mechanical system of this type. We adopt the approach developed in the previous study, which is based on the incremental formulation with the interval arithmetic and the many-worlds interpretation. We assume that some sort of sensing device is available in the current study, since the formulated incremental inverse kinematics problem has often no feasible solutions without confining the kinematical possibilities, which are to be obtained as the consequence of the many-worlds interpretation. It should be noted that the unavoidable error in the measurement results of the sensors is naturally taken into account in the form of the interval in our approach.
We conduct a number of numerical experiments with a simulated platform system assumed to have simple binary tension sensors. The feasibility of the proposed incremental inverse kinematics approach as well as the obtained characteristic behavior of the wire-suspended platform is demonstrated.
Incremental Forward Kinematics Based on Many-Worlds Interpretation
In order to make the article self-contained, we summarize the incremental forward kinematics problem of the wire-suspended platform as well as the management of the solution based on the many-worlds interpretation. Figure 1 shows the conceptual illustration of the wire-suspended platform system dealt with in the current study; a platform of rigid body is suspended by a number of length-adjustable wires from the fixed connection points. We deal with the kinematics of the system based on the following two basic equations in general form:
Basic Equation in General Form
Equation (1) is the geometry condition and Eq.(2) is the equilibrium condition under the gravity. In these equations,
T and l i is the distance between the fixed connection point x i and the connection point x i at the platform, which is referred to as the geometrical length of i-th wire,
T denotes the position and orientation of the platform,
T denotes the force and moment acting on the platform,
and τ i is the tension of the i-th wire andĉ is the position of the mass center of the platform referring to the platform-fixed coordinate. Note thatĉ is not assumed constant in this study.
The following two conditions have to be satisfied for a wire-suspended system:
where
T and ρ i is the kinematical length of the i-th wire, that is, the wire length directly controlled by the actuation mechanism. Equation (3) is the geometrical constraint for the wire lengths and Eq.(4) denotes that the tension in a wire must have a positive value. www.ccsenet.org/mer Mechanical Engineering Research Vol. 5, No. 2; 2015 The following incremental relations of Eqs.
(1) and (2) are used in this study:
The detail of the formulation of Eqs. (1) and (2) as well as their incremental relations (5) and (6) for the general case of the wire-suspended platform system is given in (Hanahara, 2015) .
Incremental Forward Kinematics Solution
The forward kinematics based on the increment ∆ρ in wire lengths and the displacement ∆ĉ in platform mass center position is calculated based the following equilibrium condition in incremental form taking into account the unbalanced force F ϵ to be balanced:
The geometrical and tension constraints (3) and (4) in the incremental form are expressed as
The incremental forward kinematics problem is to find ∆X and ∆τ corresponding to given ∆ρ and ∆ĉ that satisfy Eqs. (7), (8) and (9).
The tension state of the wires is denoted by the two sets: A for taut wires and S for slack wires. Assuming the tension state of wires A and S after the kinematic increment, the equilibrium condition (7) is rewritten as
The tension increment vector for wires to be slack is immediately determined as
For the wires to be taut, the following equation is then obtained as a part of the geometrical condition (8):
On the basis of Eqs. (10) and (13), the following equation is obtained:
is the combined Jacobian matrix and
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We denote the interior of the matrix J −1 in Eq. (18) as 
The increment ∆X has to satisfy the following geometrical condition for the slack wires, which is a part of Eq. (8):
The increment ∆τ A has to satisfy the following condition for the taut wires, which is a part of Eq. (9):
In the case that the both conditions (22) and (23) are satisfied, the incremental forward kinematics problem based on the given increments ∆ρ and ∆ĉ is solved under the tension state assumption of A and S and the solution increments ∆X and ∆τ are obtained, where the tension increment vector ∆τ is obtained partially as ∆τ A and partially as ∆τ S . It is also possible to deal with the case that J is singular in a similar manner (Hanahara, 2015) .
Interval Arithmetic Approach
It is practically impossible to eliminate measurement error in the wire lengths as well as in the platform mass center position. In the current study, we deal with these values in the form of interval (Moore et al., 2009) as
where [ρ err ] and [ĉ err ] denote the uncertainty magnitude of ρ andĉ; the actual error values are bounded as follows:
Calculating equations in the previous section by taking into account these interval values, Eqs. (20) and (21) are rewritten in the following form as
[
The interval of the geometrical wire lengths increment corresponding to the slack wires is obtained as
www.ccsenet.org/mer Mechanical Engineering Research Vol. 5, No. 2; 2015 Referring to the non-interval geometrical condition (22) for the slack wires, the following condition is obtained:
Similarly, the following condition for the taut wires is obtained based on the non-interval condition (23):
In the case that the both conditions (28) and (29) are satisfied, the incremental forward kinematics has the possibility to be feasible under the tension state assumption of A and S.
Many-Worlds Interpretation
This interval-based incremental forward kinematics leads to a number of possible solutions each of which corresponds to different tension states. In order to cope with the situation, a kind of parallelism referred to as manyworlds interpretation is adopted to deal with the possible states simultaneously. The phrase 'many-worlds interpretation' is taken from the quantum mechanics theory (e.g. Vaidman, 2008) ; in brief, the interpretation says that each of the different possible states belongs to its corresponding different world and all of these worlds exist simultaneously.
In the incremental kinematics based on the many-worlds interpretation, basically, we deal with all the possible states as evenly actual and existent. It should be noted, however, that we also adopt the so-called unification process in order to suppress the number of possible states from the practicality point of view. The detail is also discussed in (Hanahara, 2015) .
Formulation of Inverse Kinematics Problem
Taking into account the situation of the many-worlds interpretation, the inverse kinematics of the wire-suspended platform has to deal with the plural possible kinematic states.
How to Deal with the Problem
The inverse kinematics of the wire-suspended platform in incremental form is to find the increment ∆ρ in kinematic wire lengths as well as the increment ∆ĉ in platform mass center position, that is corresponding to the desired incremental motion of the platform. An important issue that has to be taken into consideration in this study is that the desired increment ∆X in platform position and orientation itself differs in accordance with the kinematic state of respective possibilities. It should be noted that the increments ∆ρ and ∆ĉ are common to all the possibilities under consideration but the desired increment ∆X is specific to each possibility; that is, it is generally impossible to find ∆ρ and ∆ĉ that meet various values of ∆X of all the possibilities. On the basis of the consideration, we deal with the inverse kinematics problem as a minimization problem. The difference between the desired platform position and orientation and the platform positions and orientations attained by the respective possibilities under consideration is adopted as the objective function to be minimized.
Formulation as Minimization Problem
Suppose we have P possibilities of kinematic states, which are obtained as the result of forward kinematics calculation. Sensor information such as the wire tension values as well as the platform position and orientation should be adopted. Accordingly, we confine the number of possible kinematic states to be taken into account for the inverse kinematics to P ′ ≤ P by means of the sensor information.
For the p-th possible kinematic state (p = 1, · · · , P ′ ) taken into account for the inverse kinematics in the current incremental step, the equilibrium condition (7) is expressed as follows:
where superscript (p) denotes that the values are specific to the p-th possibility. It should be noted that the increment ∆ĉ in platform mass center position referring to the platform-fixed coordinate is common to all the possibilities. Similarly, the geometrical condition (8) is rewritten as
Note that the kinematical wire lengths ρ and its increment ∆ρ are common to all the possibilities as well. 
In order to be exact, the subscripts A and S in Eq.(32) should be denoted as A (p) and S (p) ; however, the superscript (p) for these subscripts are omitted for the sake of simplicity. Similarly, the geometrical condition (31) is rewritten separately for the taut and slack wires as
It should be noted that the superscript (p) of the subscripts A and S for ρ and ∆ρ should not be omitted in the above equations, since the values are common to all the possibilities but the tension state is specific to each of the possibilities. The tension constraint in incremental form (9) is similarly rewritten as
Taking into account all of the possible kinematic states under consideration, we introduce the following objective function to be minimized for platform position and orientation:
is the target value expressed in terms of the specified platform position and orientation X at the current incremental step, K x and K θ are the penalty coefficients respectively corresponding to position and orientation, and I is the three-dimensional identity matrix. The following auxiliary objective functions are also introduced:
with the weight coefficients K ρ , Kĉ and K τ . Equation (38) is introduced intended to suppress the eccentricity of the increments in wire lengths as well as the platform mass center position. Equation (39) is introduced to avoid extreme values of wire tensions, where ∆τ
and τ is an adequate reference tension value vector.
On the basis of these objective functions, the incremental inverse kinematics problem is formulated as
The principal aim to solve this problem is to find ∆ρ and ∆ĉ that minimizes g X . The values specific to each of the possibilities, ∆X (p) as well as ∆τ
A , are determined so as to satisfy the geometrical and equilibrium conditions for the p-th possible kinematic state. Eqs.(32) and (33) are rewritten as Vol. 5, No. 2; 2015 where
is the coefficient matrix of ∆q specific to the p-th possibility, with the boolean matrix B A (p) to extract the taut wire elements corresponding to A (p) and
is consisting of the right-hand sides of Eqs. (32) and (33), which is also specific to the p-th possibility. Jacobian J (p) and vector ∆v (p) are respectively corresponding to J and ∆v in Eqs. (16) and (17) and specific to the p-th possibility as well. The objective function g of problem (41) is also rewritten as
The dimension of identity matrix I (p) in the above equation corresponds to the number of assumed taut wires Dim(A (p) ). On the basis of these representations, the inverse kinematics problem in minimization form (41) is rewritten as follows:
Minimize g with respect to ∆q, ∆v (p) (p = 1, · · · , P ′ ) subject to (34), (35), (42)
It should be noted that the solution of this problem significantly depends on the assumed pattern of tension states A (p) and S (p) (p = 1, · · · , P ′ ) of the P ′ possibilities in consideration. How to choose the pattern of these tension states is quite important for this incremental inverse kinematics approach.
Approach to Inverse Kinematics Problem
Problem (48) consists of objective function (45) in quadratic form, linear constraint (42) and inequality constraints (34) and (35). We develop a solution of minimization problem of this type and apply it to problem (48). An approach to deal with the incremental inverse kinematics problem is also proposed on the basis of a procedure to generate patterns of tension states.
Solution Based on Assumed Pattern of Tension States

Problem (48) without inequality constraints (34) and (35) is expressed as
Minimize g with respect to ∆q, ∆v
This is a quadratic minimization problem characterized by the linear constraint (42), in which the rows have partially common variables; that is, ∆q is common to all the rows but ∆v (p) is specific to the p-th row. Assuming a pattern of tension states of A (p) and S (p) (p = 1, · · · , P ′ ) after the incremental step, problem (49) can be solved by means of the procedure dealt with in Appendix A. Obtained ∆q and ∆v (p) can also be a feasible solution of problem (48) 
Examining Patterns of Tension State
It is not practical to examine all the patterns of tension states A (p) and S (p) (p = 1, · · · , P ′ ), since even in a case of P ′ = 3 or P ′ = 4 which typically occurs for a six-wire system, we have to examine 2 6×3 = 262, 144 or 2 6×4 = 1.7 × 10 7 patterns of tension states in principle. It is clear, however, that the inverse kinematics solution should have more taut wires in order to maintain active kinematical DOFs, since the slack wires are practically nonexistent from the viewpoint of kinematic motion. In this study, we propose the following procedure that examines patterns of tension states from that consisting of more taut wires, to that consisting of less taut wires.
Introduce tension state A
* and S * to be adopted as the common starting sets for all of the possible kinematic states. The initial values are given as A * = {1, 2, · · · , N} and S * = ϕ in the case of N ≤ 6, or adequate sets such that Dim(A * ) = 6 and Dim(S * ) = N − 6 in the case of N > 6.
Set
3. Solve problem (49) based on the current assumed pattern of tension states A (p) and
4. In the case that the obtained solution satisfies constraints (34) and (35), adopt the obtained ∆q as the solution of the incremental inverse kinematics problem. (35), the wire n of maximum violation, n ∈ A (q) , is transferred to S (q) . Continue from step 3 with updated A (p) and
If the obtained solution violates only the tension constraint
6. The obtained solution violates the geometrical constraint (34) for some of the possible kinematic states. The series starting from current A * and S * is terminated. Generate next common starting tension state A * and S * . Repeat from step 2.
If there is no other combination of A
* and S * to be examined at step 6, the inverse kinematics problem is judged to have no solution.
The approach is to examine patterns of tension states based on an assumed tension state A * and S * common for all the P ′ possibilities A (p) and S (p) (p = 1, · · · , P ′ ), which is to be modified in one-by-one manner at step 5, according to the situation of tension constraint violation. The number of combinations of A * and S * is limited to 2 N . The modification of pattern of tension states at step 5 is unidirectional, that is, only from taut wire set to slack wire set. The procedure certainly stops.
It should be noted that there can be a possible solution for the incremental inverse kinematics problem even in the case that the procedure cannot find any feasible solution, because the procedure does not examine all of the combinations of pattern of tension states A (p) and S (p) (p = 1, · · · , P ′ ).
Numerical Experiments by Means of Simulated Platform System
In order to demonstrate the feasibility of the developed incremental inverse kinematics approach, we conduct numerical experiments based on a simulated wire-suspended platform system.
Assumed Condition
Figure 2(a) shows the initial configuration and the wire numbering of the six-wire system adopted in the following numerical experiments. The size and the mass of the platform are 1m and 100kg; the wires are assumed to be massless. The mass center of the platform coincides with its geometrical center in this initial configuration. The dimension of the room where the system is installed is 6(W) × 6(D) × 3(H)m. In the case that the uncertainty is taken into account in the form of an interval of ±0.01m for the wire lengths and the mass center position, the possible kinematic states shown in Figure 2 (b) are obtained by means of the incremental forward kinematics calculation with ∆ρ = 0 and ∆ĉ = 0; the number of possible kinematic states in this configuration is 25. Slack wires are represented by broken lines.
Figure 2(c) shows the initial configuration of the simulated platform, which is corresponding to the configuration shown in Figure 2 (a). This platform system has randomly generated initial error within a range of ±0.01m for the wire lengths and the mass center position. Stiffness of the wire is assumed as EA = 100MN; the value is not used in the forward and inverse kinematics calculations but adopted for the calculation of kinematic motion of this simulated practical platform. The calculation is performed based on the steepest descent method which Vol. 5, No. 2; 2015 continuously searches the local minima of the sum of the potential energy of gravity and the strain energy of the wires.
Among P possibilities in each incremental step obtained by means of the forward kinematics calculation, P ′ kinematic states having all the taut wires of the simulated platform are taken into consideration for the inverse kinematics calculation. The condition is expressed as A (p) ⊃ A S imul. for any kinematic state p to be taken into account, where A S imul. is the taut wire set of the simulated platform. This information is obtained by means of binary-valued wire tension sensors, which are assumed to be installed on the simulated platform in this study. The threshold tension value of the sensor is 150N; the sensing result is obtained in terms of the calculated wire tension of the simulated platform including a measurement noise of ±50N. The threshold of the adopted binary tension sensor is assumed to be of relatively high value. This is because in order to take into account the influence of elasticity of wires of the simulated practical platform, which is not taken into account in the forward and inverse kinematics calculations. Figures 3(a) and (b), especially concerning the platform orientation. This is because the right-side wires 1 and 6 cannot push down the right edge of the platform in order to attain the horizontal as well as the right-leaning configurations, since the wires cannot take any compressive force. These results well demonstrate the influence and the importance of the mass distribution of the platform in the case of the mechanical system of this type.
Simulation Results
Figures 3(c) and 4(c) show the confined possible configurations to be taken into consideration for the inverse kinematics calculation respectively corresponding to the configurations of the simulated platform shown in Figures  3(b) and 4(b) . In both cases, there is a single slack-judged wire as shown in Figures 3(b) and 4(b) . The tension value of one of the rest five taut wires of the simulated platform shown in Figure 3(b) is, however, 83N and is judged as slack based on the assumed binary-valued tension sensor; that is, the number of taut wires used for the confinement process is four instead of five. This is the reason that more possibilities are to be taken into consideration for the inverse kinematics in the case of the configuration shown in Figure 3 (c). Figure 5 shows an example of terminated motion due to the failure of the inverse kinematics calculation. The intended motion of the platform is a translation of 3m right and 1m up from the initial configuration shown in Figure  2 (c), in 400 incremental steps. The inverse kinematics fails in this case at the 368th step since the procedure cannot find any feasible solution of the minimization problem (48). The reason is as follows. The tension of rear central wire 2 of the simulated platform is only 16N and determined as slack by means of the assumed binary tension sensor. Accordingly, all of existing nine possibilities in the step obtained as the forward kinematics calculation have to be taken into account for the inverse kinematics calculation. It is as a matter of course that the attained configuration is nearly at the rightmost feasible position of the platform, since the wires can only take a tensile force. In other words, the crucial reason of this failure is not due to the inverse kinematics procedure itself, but due to the intrinsic limitation of wires that any of them cannot push the platform in order to attain a more rightward position. We use the platform mass center position as the articulation variable as well in this kinematic motion; it is confirmed that the mass center is placed nearly at the right edge of the platform in the configuration shown in Figure 5 .
Concluding Remarks
We have dealt with an incremental inverse kinematics approach for wire-suspended parallel mechanical systems. The incremental forward kinematics calculation of this type of mechanical system results in plural possibilities, due to the conspicuous mechanical characteristic of wire. In the current study, the formulation of the inverse kinematics problem in an incremental form was developed based on the many-worlds interpretation approach adopted in the previous study. The displacement of the mass center position of the platform is also taken into consideration in addition to the change in wire lengths. The problem has the form of a quadratic minimization problem, which is characterized by the partially common variables. The solution of the problem in general form is given in Appendix A. We also developed the procedure to solve the inverse kinematics problem by examining the possible patterns of tension states.
The developed inverse kinematics approach is quite general. It can be applied to wire-suspended platforms of various numbers of wires, various placements of connection points of wires and various patterns of mass distribution of platform. The feasibility of the proposed incremental inverse kinematics has been demonstrated based on the numerical experiments. The simulated wire-suspended platform is assumed to have error in wire lengths and mass center position and to be equipped with the binary-valued tension sensors. On the basis of this condition, the developed approach was able to generate the intended kinematic motion. The influence as well as the significance of the position of platform mass center was also demonstrated.
Since the developed inverse kinematics problem has a combinatorial nature, we introduce the common initial tension state and confine significantly the patterns of tension states to be examined. This can lead to a condition that the approach cannot find any solution within the examined patterns, but there can exist some solution within the non-examined patterns. Although this is an issue of trade-off, developing an approach that examines more patterns of tension states is considered to be one of the future works.
The wire-suspended platform system has the intrinsic kinematic limitation due to the mechanical condition, as shown in Figure 5 . From this point of view, another future works is the design of the platform system in terms of the number of wires, the placement of the connection points and the platform mass distribution taking some specific applications into consideration.
Appendix A. Partially Common Quadratic Minimization
Problem (49) can be expressed in the following general form of partially common quadratic minimization problem:
with respect to x, y i (i = 1, · · · , n)
